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Abstract: This paper deals with the design of stable and robust rule-based fuzzy control
systems. The interval analysis is applied to design a stable fuzzy controller using a robust
condition to assure the stability. An example with a fuzzy controller for a non-linear sys-
tem is presented to illustrate the design procedure. Copyright © 2002 IFAC

Keywords: Fuzzy control; Stability; Robustness; Control system design; Intervals,

1. INTRODUCTION

From the control engineering point of view, the ma-
jor effort in fuzzy knowledge based control has been
devoted to the development of particular applica-
tions, rather than to general analysis sad design
methodologies for coping with the dynamic behavior
of control loops, see (Driankov, et al, 1993;
Anddjar, et al., 2000). Some authors has been using
concepts taken from the qualitative theory of monlin-
ear dynamical systems to interpret the unstability
unstableness at equilibrium points, and to give a
global insight into the stability problem, see (Aracil,
et al., 1989; Cook, 1994). There are aigorithms in the
literature that they allow the calculation of the Jaco-
bian matrix if a system of multivariable fuzzy control
in closed loop (Andijar 2001). A strategy to improve
the design of fuzzy rule-based controllers using sta-
bility indices based on (Aracil, et al., 1989) was
proposed in (Ollero, et al., 1995) and developed in
(Sénchez, et al., 2000), but the strategy based on an
elective actuation on the rules that affect the stability

Lyapunov theory can be used for stability analysis of

* Takagi-Sugeno (TS) fuzzy systems that can be ex-

tended to a TS fuzzy system with affine term, includ-
ing stable adaptive fuzzy control systems (Tanaka,
1995; Johanson, et al., 1998; Wang 1997) using
quadratic Lyapunov function. The stabilization and
tracking problems using Lyapunov functions has
been applied in different types of TS fuzzy control-
fers (Johansen, 1994).

The stability analysis of a non-linear system aims at
as assuring an attractor around the equilibrium point.
It can do adapting controller parameters. This prob-
lem can be formulated like a parametric constrained
minimization problem. The function to be minimized
is the non-linear closed loop equivalent function.
Interval analysis has exhibited 2 degree of success in
the resolution of this type of problem. Interval
mathematics is a generalization of real mathematics
in which intervals replace real numbers, interval
arithmetic replaces real arithmetic, and interval
analysis replaces real analysis (Moore, 1966).



This paper deals with the application of interval
analysis to design a controlier that assures the stabil-
ity in the presence of uncertainties of a first order
nonlinear system. The system has been modeled by a
TS fuzzy system using input-output data and an
identification method.

In the second section the mathematical background
of a fuzzy model plant and a fuzzy controller is de-
scribed. The third section deals with the

of interval mathematics to find the equilibrium points
of a first order system. The next section is devoted to
the extension of the application of interval arithmetic
to design a robust fuzzy controller. Finally, the pro-
posed methods on sections [l and IV are illustrated
by an example.

2. THE NONLINEAR FUZZY MODEL

Consider a plant to be controlled, described by a first
order dynamical system of the form

%= f(x,u) (1)

where x€ R is a signal of the plant that allows to be
measured, and ¥ € R is the input of the plant.

To control the plant it will connect to their entrance
(see Fig. 1) a controller represented by means of the
function ¥ = g(x).

i
———
PLANT

" x
CONTROLLER

Fig. 1. Non-linear control system

An equivalent single-input-single-output first order
non-linear dynamic fuzzy model to the process
shown in Fig. 1 can be represented by the following
group of rules:

RO :IF xis & and wis B' THEN & s k' (x0')  (2)

where /= ..M is the number of rules, x is the state
variable, A’ and B’ are fuzzy sets defined on the uni-
verse of discourse of x state variable and u is the
control law. Finally, & (x; 0) is a non-linear conse-
quent or a TS consequent with affine term:

K(x;0')=a} +ax+b'u (3)

where the vector 8'e R* represents the group of
adlptivepuumm

“l'heapenloopmodelwuhmputnml(z)hob-
tained using a control signal u selected by consider-

ing the operating range of the system, that is, all
combinations of frequencies and amplitudes that

characterize the system dynamic behavior from these
data should be represented. The comtrol signal is
applied on plant and input-output data, of the form
[x,u,x], are collected. A gradient descendent train-
ing algorithm or another identification method is
using to obtain the fuzzy rules.

For a fuzzy system with product inference engine, TS
fuzzifier, and center average defuzzifier, the rules (2)
respond to the following nonlinear equation:

iu/k'(x;o')
P - T——
W

@

iMe

where W are the degree of firing of the rules.

[ftheconsequeat of the rule is as the type (3),
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this is
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k=al+alx+bu (6)

where a;, a; and b’ are variable coefficients com-
puted as:
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Note that the open loop model without controller can
be represented making # = 0 in (6), then:

o)

i=dl+ax (8)

In a similar way, the fuzzy controller of the process
(see Fig.1) can be represented by the following group
of rules:

IF xis C" THEN v’ =¢} +c}x (9)

where r = 1...N is the number of rules, C” are fuzzy
sets defined on the universe of discourse of x, ¢; and

¢; are parameters of the consequent part.
Proceeding like in (4) and (5), for a fuzzy system
with product inference engine, TS fuzzifier, and

center average defuzzifier, the rules (9) can be repre-
sented by:

uscy+cx (10)

where the variable coefficients are given by:
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where o are the degree of firing of the rules of the
controller.
Substituting (10) in (6) and using (7) and (11), the

closed loop output can be represented by the follow-
ing non-linear function:

gw’ iw’b’ :afc,
TS zw $:w
tu/q iw’b‘ iw q’
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(12)

3.INTERVAL MATHEMATICS AND THE OPEN
LOOP STABILITY PROBLEM

An interval number X =[a,b] is the set
{x:a S xSb}of real numbers between and includ-
ing the endpoints a and b. Interval arithmetic is an

arithmetic defined on sets of intervals, rather than
sets of real numbers.

Let be I the set of real compact intervals [a.b}
a,be R . Operations in [ satisfy the expression:

AgpB=laopb:ac Abe B} for ABel (13

The equation (13) characterizes the four basic inter-
val operations (Moore, 1966):

[a.6]c, d]=[a+c, b+d]
fo.8)-fc. d)efod,5-¢]
DT A

[a, 6)[c. d]=[a. b]¢[W/d, 1fc}, if 0 € [c.d]

This is, the ranges of the four elementary interval
arithmetic operations are exactly the ranges of the
corresponding real operations. Extension of the in-
terval arithmetic to include 0 in division can be
found in (Hansen, 1992).

a4

Bounds on the ranges of real functions can be ob-
tained easily by interval arithmetic. A function
F:1(D)= I is called an inclusion function for f if
f(x)e F(X); Vxe Xe . Natural interval exten-
sion of real functions f{x), can be used to build inter-
val inclusion functions F(X).

The interval arithmetic can be applied 1o find the
equilibrium points of a dynamic system. Consider the
noa-linear first order system of the form (8):

i=f(x), xeX, el (15)
where x is the state variable defined in an interval Xs.

To find the equilibrium points of (15) requires solv-
ing the following equation:

f(x)=0, xe X,/ (16)

A basic branch and bound interval arithmetic algo-
rithm can be used to find deterministically all the
equilibrium points (see algorithm (1)) .The aigo-
rithmic is based on (Kearfott, 1996).

§ = EquilibriumPoints (f, Xo, &)
Insert XoinL
while (NoEmpty(L))
X — first(L)
if 0 & F(X) then reject X
clse

if (max(|F(X)]) <) then insert Xin§
else

X, Xy =bisec X
insert X), X;inL
endif
endif
endwhile
return S

end

Algorithm (1).- Interval Algorithm to find equilib-
rium points

Note that algorithm (1) has three arguments: the
system f, the initial interval search space Xp and a
parameter § that indicates the precision of solutions.
The interval subspaces solution S is the output. The
list S={X|Vxe X, (f(x)-0)<&}and the list L
(that contains the interval subspaces to process in the
future) are used to carry out the search process.

The algorithm is based on getting first subspace X of
L. If the condition 0 ¢ F(X) is reached, then the
interval subspace X does not contain an equilibrium
point, so it is rejected . If F(X) contains zero and
precision is not reached then, X is divided into two
subspaces (X),X3) that are inserted in L . The algo-
rithm ends when L is empty and returns S (a set of
intervals that contain equilibrium points).

The above algorithm can be improved using the In-
terval Newton method that provides quadratically
convergence.

4. INTERVAL ARITHMETIC AND THE CLOSED
LOOP STABILITY PROBLEM

The interval arithmetic can be applied to assure a
robust and stable closed loop non-linear system.






